Problem # 313

1
Determine all real numbers x for which 2™ + — is an integer for all positive
x

integers n.
Solution:
m+vm? —4
Answer: x = 5 , where m is an integer and |m/| > 2.
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Proof. 1t is easily seen that x = 1, z = —1 works for all n. If x + — is an integer,
x
then
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By induction if z* + — Is an integer for k& < n, then
x

n+1 1 1 n 1 n—1 1
==+t +—
anrl T rn xn 1

) : 1 . .
is an integer. Thus we must have x + — = m where m is an integer. Then,
x

_mj:\/m2—4

T =
2

22—mr+1=0

with |m| > 2.

Source: Suggested by Dr. T. Smotzer.



