
Problem # 267

A sequence of three real numbers forms an arithmetic progression with a first term

of 7. If 3 is added to the second term and 34 is added to the third term, the three

resulting numbers form a geometric progression. What is the smallest possible

value for the third term in the geometric progression?

Solution:

Answer: 7

Proof.

Let d be the common difference for the arithmetic sequence. Then 7,

7 + d + 3 = 10 + d, 7 + 2d + 34 = 41 + 2d are the terms of the geometric

progression. Since the middle term is the geometric mean of the other two terms,

(10 + d)2 = 7(2d + 41) =⇒ d2 + 6d− 187 = (d + 17)(d− 11) = 0. The smallest

possible value occurs when d = −17, and the third term in the geometric

progression is 2(−17) + 41 = 7.

Alternate Proof: Let d be the common difference and r be the common ratio.

Then the arithmetic sequence is 7, 7 + d, and 7 + 2d. The geometric sequence

(when expressed in terms of d) has the terms 7, 10 + d, and 41 + 2d. Thus, we get

the following equations: 7r = 10 + d⇒ d = 7r − 10 and 7r2 = 41 + 2d .

Plugging the first equation into the second, we find 7r2 = 41 + 14r − 20 or

equivalently 7r2 − 14r − 21 = 0, which has the roots −1 or 3. If r is −1, the third

term of the geometric sequence would be 7, and if r is 3, the third term would be

63. Clearly the minimum possible value for the third term of the geometric

sequence is 7.

Source: Modified from American Mathematics Competition 10, 2004.


